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Quantum Theory of Measurement and the Modal
Interpretations of Quantum Mechanics
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Several variants of the modal interpretation of quantum mechanics have been
introduced and discussed in recent years. In this paper we present a study of the
mathematical foundations of such an interpretation in the framework of the
quantum theory of measurement.

1. INTRODUCTION

The empirical content of quantum mechanics is in the measurement
outcome probabilities it predicts. The irreducible nature of these probabilities
makes it difficult to develop a realistic interpretation of quantum mechanics,
an interpretation which refers to individual objects and their properties. Recent
advances in ultrahigh technology have made it obvious, however, that such
an interpretation is—to say the least—adesirable. Indeed, extremely controlled
experimentation on individual objects, such as atoms, neutrons, electrons,
and photons, is becoming a daily enterprise in experimental quantum physics.

There is now a growing literature on the so-called modal interpretations
of quantum mechanics, several variants of which have already been put
forward, for instance, in Bub (1992, 1994), Dieks (1989, 1994), Healey
(1989), Kochen (1985), and van Fraassen (1991). They all aim to go beyond
the purely statistical level of the description to provide a language which
would come closer to the present-day experimental practice. This paper is
devoted to a study of the measurement-theoretic content of these interpreta-
tions. (Further details and supplementary aspects are contained in the quoted
papers of the authors).
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We begin in Section 2 with a brief review of some results on the problem
of decomposability of mixed states into pure states and we present some
facts concerning the ranges of states. We recall also the polar decomposition
of an entangled vector state. In Section 3 these results are applied to define
some sets of properties which can be and have been taken as the basis of
formulating the corresponding modal interpretations of quantum mechanics.
In Section 4 we formulate the conditions these interpretations posed on
measurements, and in Section 5 we present a study of them within the theory
of measurement. In this view the modal interpretations in question appear
as particular specifications of the measurement process within the minimal
interpretation of quantum mechanics.

The framework of this paper is the ordinary Hilbert space formulation
of gquantum mechanics, in which the description of a physical system is based
on a complex separable Hilbert space 3, with the inner product (-1-). In
their most common representation states and observables of the system are
represented as density operators T and as self-adjoint operators A acting in
#, respectively. If A = [y a dP4(a) is the spectral decomposition of A, then
the probability measure defined by this observable and a state T obtains the
explicit form pHX) := t[TP4(X)], where PA(X) is the spectral projection of
A associated with the (Borel) subset X of the real line R. In the minimal
interpretation, these numbers are probabilities for measurement outcomes:
p7(X) is the probability that a measurement of the observable A leads to a
result in the set X when performed on the system in a state 7. We recall
further that for vector states ' = P[], generated by the unit vectors ¢, these
probabilities obtain the simple form pA(X) = (¢ P4(X)¢).

2. PROPERTIES OF STATES

The decomposability properties of states as well as the properties of
their ranges lead to several sets of properties which are at the heart of some
of the modal interpretations of quantum mechanics. Therefore, we shall start
by reviewing the basic properties of states.

2.1. Components of Mixed States

It is a basic fact of quantum mechanics that any state can be decomposed
into vector states, e.g.,

T =3 NPl (1)

but such a decomposition is never unique unless the state itself is a vector
state. A given vector state P[] is a convex component of a state T whenever
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T = \P[¢] + (1 — VT 2)

for some weight 0 # X = 1 and for some state 7”. It is known that this is
the case exactly when ¢ is in the range of the square root of 7, that is, ¢ €
ran(T'?) := {T"2¢: ¢ € #} (Hadjisavvas, 1981).

A decomposition (1) of a mixed state T into vector states P[{s] is
irreducible if for each i, the vector \j; does not belong to the closure of the
linear span of the other vectors {{, ..., ¥y, Uiy, - - .}, that is,

forall i, U & Wn{dy, ...\ Wipy Yirrs - - ) 3)

We say that a vector state P[] is an irreducible convex component of T if
it participates in an irreducible decomposition of T. Again, it is known
(Hadjisavvas, 1981) that this is the case exactly when ¢ is in the range of
T, that is, ¢ € ran(T) := {Te: ¢ e J}. Clearly, if the decomposition (1) is
orthogonal, that is, ({s;1\ls;) = §;;, then it is also irreducible, but not necessarily
the other way round.

2.2. The Polar Decomposition

The polar decomposition of an entangled vector state has a special role
in some variants of the modal interpretation. Though this decomposition is
well known, we need to recall it here. Therefore, let ¥ be a unit vector of
the tensor product Hilbert space # & ¥, and let {¢;} and {d;} be any
orthonormal bases of # and J, respectively. Then

v = 2 (¢; ® ¢j|\P>‘Pi & ¢j (4a)

and the partial traces (reduced states) T(¥) and W(W) of P[W] over ¥ and
€, respectively, obtain the decompositions into rank-one operators,

T = Tk @i (4b)
W) = D) ticu| b)) (4c)

where, for short, ¢;; = (¢; @ ¢;|¥). The vector W can be identified with a
bounded linear map F(W): H{ — 9, which has the decomposition F(¥) =
2 ¢;;l@Xd;! in terms of the given bases {¢;} and {&;}. Let F(¥) = UV be
its polar decomposition (Reed and Simon, 1980), where V: i — H is a
positive (compact) operator with the spectral structure V = %, \/\7,'P,V, \/;L >
0, % v;=1,and U: ¥ — ¥ is a partial isometry, with ker(U)* = tan(V).
Therefore, F(V) = 3, \/—V—,UP}’, and if, for each i, {{);}; is an orthonormal
basis of PY(¥), then
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F¥) =3 JvUP!
= 2 N E UP[;;] = 2 Jv; 2 | Ui Xy &)
i 7 i J

where (U;;| Uly;;) = 3. Hence,

=3 Uy, @ by (6a)
(V) = 3, v,P[U§;] = X, v, PTV (6b)
W) = 3 v,Pl,] = 3 vPY = 3 v P (6¢)

Clearly, the representation (6a) of the polar decomposition of ¥ depends on
the choice of the vectors {j;;, being unique exactly when the eigenvalues of
V are nondegenerate.

2.3. Ranges of States
For any state 7, the following set inclusions hold true:
ran(T) C ran(T"?) C Tan(T"?) = ran(T) (7N

where, for instance, ran(7T!"?) denotes the closure of the range of the square
root of T. These set inclusions are equalities if and only if the range of T'2
is closed. This is the case exactly when the range of T is finite dimensional.

The subspace inclusions (7) can be used to order states. Indeed, for any
two states T} and T, we define

Tl <cran T2 iff ﬁ(Tl) g fﬁﬁ(Tﬁ (83)
T <uq T2 iff ran(TV% C ran(TY?) (8b)
T < T iff ran(7T)) C ran(T,) (8¢)

where the abbreviations cran, rsq, and ran stand for the closure of the range,
the range of the square root, and the range, respectively, which refer to the
properties used to define these orders. Clearly, any of these relations defines
a preorder on the set of states, the vector states being minimal with respect
to each of them.

The spectral decompositions T} = 2 1 ;PT" and T, = X 1,;PT? lead still
to another ordering of states:

T <uT> iff foranyi, P/'=< Pl forsomej O]

where sd stands for the spectral decomposition. Again, the vector states are
minimal in this order, and P[¢] < T iff @ & ran(P7) for some i.
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3. SETS OF PROPERTIES

Let P(#) denote the set of projection operators on . Any state T is
associated with two projection operators, its support projection Py, and the
complement of Py, Ny = I — Py. We recall that Py is the smallest projection
operator such that T = TPy = P;I, whereas Ny is the largest projection for
which N;T = TNy = O.

For any state 7 we define the following three basic sets:

PUT) ;= {P e P(HK): tr[TP] = 1}

= (P e PH0): P = P;) (10)

PAT) := (P € PF): ue[TP] = 0}
= {P e P#(HK): P = N;} (1)

PoT) := {P € P(H): u[TP] # 0}
= (P & P(K): P A Ny # P) (12)

If T = Pl¢], we write, for instance, P (¢) instead of P ,(P[¢]). Using the
orderings (8) of states, we have, in addition,

PoanT) := {P € P(H): there is a T’ <, T such that P € P(T")}

= U{P(e): ¢ € Tan(T)} (13a)
Prso(T) := {P € P(F): there is a T’ <.,y T such that P € P(T")}

= U{P(¢): ¢ e ran(T"?)} (13b)
Poa(T) = {P € P(H): thereis a T’ <,,, T such that P € P(T")}

= U{P(¢): ¢ € ran(T)} (13¢)

Similarly, the spectral ordering (10) allows one to define

9)sd(T) .

{P e P(H): there is a T’ <4 T such that P € P (T")}
U U{P(¢): ¢ € ran(P])) (13d)

Clearly, for any state T,
Q})l(T) g 9)sd(T) g @)ran(T) g 9)rsq(T) g gpcmn(T) g ‘O}#O(T) (14)
On the basis of equation (13a) it is obvious that

PUT) = Pn(T) & T = Plo] for some unit vector ¢ (15)
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On the other hand, one also proves that
Poran(T) = Puo(T) & Pr =1 (16)

There are still two further subsets of projection operators which are of
interest here. They arise from the polar and from an orthogonal decomposition
of an entangled vector state ¥ of a compound system. If F(¥) = %
\/EUP,V is the polar decomposition of ¥, we define

Poy(P) 1= U {P e PH R H): P = PIV @ PFY) (17)

Let¥ =3 Jv,Us; ;@ Us;; be a vector decomposition of the polar decomposi-
tion of W. One may then also consider the set Py, |(¥): = UP(U; @
y;;), which contains the set Po('¥). Apart from the arbitrariness of this set,
it is to be noted that for each i, P ® P¥") is the smallest projection
operator which contains all the projection operators X P[Ul;;] & P[],
varying over the possible orthonormal bases {{s;;}; of PY(3). Therefore, it
is the set (17) which shall be used subsequently. Clearly, if the eigenvalues
v; of W('W) are nondegenerate, then P, ,(W) = P,4(¥). We note also that
P (W) C Pp(¥) C P ,oW).
To introduce the other set, let

Poi (V) := {P € P(H @ H): PP[V] = P[V]P}
= P(¥) U Po(¥) (18a)

If (R) is a sequence of mutually orthogonal projection operators such that
SR =1 wewrite V=3 RY = X |RY|V;, and define

PEW) 1= (P e PH O K): PP[V,] = P[W,]P for all i}
N (P (F) U Py(T)) (18b)

il

Clearly, (18b) contains (18a) as a special case. By construction, it is obvious
that the sets @f,f,j)(‘lf) and P .o(¥) are incomparable.

In order to appreciate the content of the sets P (T), Po(T), P +o(T), and
P(T), with Int = cran, rsq, ran, sd, pd, obj, we recall, first, that in quantum
mechanics projection operators are commonly taken to describe properties
of the system. Clearly, the set % (T") contains properties which the system
has in state T in the sense of probability one, that is, a measurement of this
property would show it with certainty. We recall also that a property P is
objective in a state T if the system has this property or its complement
property in that state. Accordingly, the set P (T) U Po(T') contains properties
which are objective in the state T. In turn, the set P.o(T) contains the
properties which are possible in the sense that their measurement outcome
probabilities are nonzero.
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The idea of the modal interpretations is that when a system is in a mixed
state T or in an entangled state ¥, then, in addition to the properties which
the system has with certainty, it could also have some further properties. The
specification of these properties is the task of such interpretations. The sets
Pr(T) are proposed to do just that. They contain the properties which the
system could have in state T according to the modal interpretation in question.
For instance, the set P_.,.(T) contains all the properties which are possible
in the state 7, except those which are such that, whenever they are disjoint
with the support projection Pr (P A Pr = 0), they are not orthogonal to it
(P # Np). We recall that Py is the smallest property that the system has in
that state. Since any property P which is compatible with Pz (that is, commutes
with P7), is orthogonal to Py whenever it is disjoint with P;; we may say,
loosely speaking, that the set P,.(T) contains “all classically possible”
properties in the state 7. This does not mean, however, that the set P, (T)
was Boolean. The other options P,(T) in (13) are further specifications of
these “classical possibilities,” whereas % ((T) and @’E,bj)(T) are two alternative
proposals for the sets of possible properties of the (compound) system in (an
entangled) state 7 = P[{s]. The set P,;(¥) contams properties which are
objective in the vector state ¥, whereas the set @obJ (W) is intended to represent
the properties which could be objective together with the properties (R;).

The Copenhagen variant of the modal interpretation of quantum mechan-
ics (van Fraassen, 1991) takes the set P .(T) as its basic ingredient, whereas
the modal interpretations which rely on the polar decomposition theorem
have the set P,4(V), or P(T(V)) and P 4(W(F)), as the fundamental one
(Kochen, 1985; Dieks, 1989, 1994; Healey, 1989). The set @Obj (W) is part
of the basis of the modal interpretation proposed by Bub (1992, 1994); there
this set is called the “fan” of the “handles” ¥,.

4. THE MODAL CONDITIONS ON MEASUREMENTS

The questions of the consistency and physical relevance of the various
variants of the modal interpretation are most directly discussed in the frame-
work of the quantum theory of measurement. To do that it is sufficient to
consider discrete observables. Consider, therefore, an observable A = 2 g, P;
To model a measurement of A one usually fixes a measuring apparatus, with
its Hilbert space K, an initial state P[$] of the apparatus, a pointer observable
Z = 2 z;Z;, and a (unitary) measurement coupling U: X @ H{ — #H @ H.
If P{¢] is the initial state of the measured system, then P[U(¢ & )] is the
system-—apparatus state after the measurement. Denoting the corresponding
reduced states of the measured system and the measuring apparatus as T(U(e
® b)) = T(e) and W(U(e & b)) = W(p), respectively, we have the following



1278 Cassinelli and Lahti

schematic representation of the state transformations associated with a
measurement:

Pl¢] T(p)
N Va
Plo & ¢] = P[U(¢ @ $)]
Va N

Pl¢] Wie)

A minimal requirement for J{, Z, &, and U to constitute a measurement
of A is the calibration condition (see, for instance, Busch et al., 1991):

for any i and ¢, if p(a) = 1, then pfi,(z) = 1 (19a)

Using the notations of Section 3, we may express the calibration condition
also as follows:

forany i and ¢, if P; € P(¢), then Z; € P(W(g)) (19b)

The calibration condition is equivalent to the apparently stronger probability
reproducibility condition:

for any i and ¢, pi(a) = ple(z) (19¢)

Using the terminology of Section 3, one may say that the basic require-
ment of a measurement is the following: If a measurement of an observable
is certain to yield a particular result, then the pointer observable has the
corresponding value after the measurement.

One of the basic questions of the modal interpretations is to find condi-
tions under which the pointer observable could have the value z; whenever
the measurement outcome probability for g, is nonzero. Extracting from the
above quoted papers on the modal interpretations, these conditions read

pé(a,-) F0=Z e PLo(W(e)) (20a)
Po@) # 0= Z; € Peran(Wi)) (20b)
paa) # 0= Z; e P (W(o)) (20c)
poa) # 0= Z; € Prop(W(9)) (20d)
paa) # 0= Z e Pu(W(e) (20e)
Pa) #0=1RZ e Poa(Ule & d)) (206)
pia) # 0= 1® Z; e PEE4(U(e ® ) (20g)

We shall study next the implications of these “modal conditions” in a
special measurement model.



Modal Interpretations 1279

5. THE MINIMAL MEASUREMENT MODEL

Consider, again, a discrete observable A = % g,P,. To determine the
structure of a measurement (K, Z, ¢, U) of A, we assume that the pointer
observable is minimal. Any choice Z = 2 z,Z; = % z;P[d;] will then do,
where {&;} is a basis of K (the dimension of ¥ is thus fixed to equal the
number of distinct eigenvalues of A). With that choice all the unitary mappings
U which make { ¥, Z, &, U) satisfy the calibration condition are completely
characterized (Beltrametti et al., 1990). To explicate these solutions, we
assume here—for notational simplicity only—that all the eigenvalues of A
are nondegenerate: A = 2 @;P; = 3 a;Plg;], where {¢;} is a complete
orthonormal set of eigenvectors of A, Ag; = aup;. If (I, Z, b, U) is a
measurement of A, then

for each ¢;, Ulg; @ b)) =v,® ; (21)

where «y; are the unit vectors v; = ; {(¢; @ ;1 U(@; @ d))g;. On the other
hand, given any set of unit vectors {vy;} of 9, then (21) extends to a unitary
mapping U such that (¥, Z, ¢, U) is a measurement of A. If Ple¢] is the
initial state of the system, then the final states of the compound system, the
measured system, and the apparatus are

Ul ® &) =, (@] o)y @ & (22a)
T(9) = Y, [{o|en|*Plvi (22b)
W) = X, (@] oX@| @il v, )| b (22¢)

We stress that in the case of a discrete observable with nondegenerate
eigenvalues the calibration condition poses no restrictions on the unit vectors
; which define the measurement coupling U.

Consider a measurement of A given by the sequence of unit vectors {v;}.
The minimal condition (19) on measurement leaves the set {v;} completely
arbitrary. But, clearly,

pia) # 0= Pld;] € Pro(W(e) (23)
Further, it is immediate to observe that for any P € P(H),
IQP e PE(Ue® ) & P e N@d) UP(d))  (24)

where, for short, we use the supmdex (¢,) instead of (I ® P[d;]). This shows,
in particular, that / @ P[] Q’ObJ (U(®* ® ¢)) whenever pi(a;) # 0, that is,
the modal requirement (20g) is always fulfilled.

No further conclusions on the validity of the modal conditions (21) can,
in general, be drawn.
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To discuss the solutions of the conditions (20) within the minimal mea-

surement model, we shall assume that the vectors vy, are such that lin{vy,,

s Yi» - ..} = d. This assumption simplifies the discussion, but implies,
in fact, no loss of generality of our considerations.

We consider first the case that {+y;} is linearly independent in the algebraic
sense. By a direct inspection one can see that the linear independence of the
vectors ; is necessary for the condition (20b). If # is finite dimensional, it
is also sufficient for that. However, in general, linear independence of the
vectors +y; is not enough for the modal conditions (20b)-(20d). Therefore,
stronger requirements on {v;} are to be posed.

The weakest possible “topological” strengthening of the linear indepen-
dence of {v;} is the €,-linear independence: for each sequence of complex
numbers (a;) such that 2 |g;| < o, the condition X ayy; = 0 implies that g;
= 0 for all i. Then we have P[d;] € P .n(T) for each i and ¢, such that
pala) # 0, if and only if {v;} is /,-linearly independent (Cassinelli et al.,
1994).

We say that the sequence {v,} is irreducible if, for each i, the vector ;
is not contained in the set lin{~y,, . .., ¥;=1, Yis1» - - -}- According to Section
2.1, this is the case exactly when the decomposition T(g) = 2 pﬁ,(a,»)P[y,»] is
irreducible. We then have Pld;] € P.4(W(y)) for each i and ¢, such that
pila) # 0,if and only if T(¢) = 3, pA(a;)P[vy,] is an irreducible decomposition
(Cassinelli et al., 1994).

As a next step, we say that the sequence {,} has the finiteness property
if it is linearly independent, and for each i, y; = 8; + XX, ., a;y;, for some
8; € lin{yy, ..., ¥i—1, Yir1» - - -} - The following result is obtained: P[d,]
Pan(W(@)) for each i and ¢, such that pi(a;) # 0, if and only if {vy;} has the
finiteness property (Cassinelli ef al., 1994).

Finally, we note that if {-y;} is an orthonormal sequence, then the decom-
positions (22) are just the polar and the spectral ones, in which case the
conditions (20e) and (20f) are satisfied. Conversely, if either (20e) or (20f)
is fulfilled for each i and ¢, such that pi(a;) # 0, then {v;} is orthonormal
(Lahti, 1990).

In conclusion, we have arrived at the following characterizations of the
modal conditions (20) on measurements:

pa@) # 0= Z; € P.o(W(e)) & {v;} arbitrary
pia) # 0= 1Q® Z € P (U(e ® $)) & {v;} arbitrary
paa) # 0= Z € Poa(W(9)) & {7} [,-independent
piaa) # 0= Z; € P o(W(9)) & {v;} irreducible

paa) # 0= Z; € P.(W(e)) & {v;} has finiteness
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pela) # 0= Z; € P(W(e)) & {v;} orthonormal
pa@) #0=  I®Z e Pu(Ule ® b)) < (v,;} orthonormal

6. DISCUSSION

We have studied various sets of properties P, (T) which the system
could have in state T according to the modal interpretation Int. We have
characterized these sets in the context of the minimal measurement model
where the state in question appears as the entangled state of the object—
apparatus system after the measurement (T = P[U(¢ @ &)]) or it is the mixed
state of the apparatus after the measurement [T = W(yp)]. From the point of
view of the quantum theory of measurement the modal interpretations appear
just as further specifications of a measurement process; apart from Int =
obj, they all structure the measurement beyond the calibration condition. It
may be noted that the more liberal the modal interpretation is, in the sense
of admitting a bigger set of properties which the apparatus could have after
the measurement, the less restrictive it is from the point of view of the
measurement theory.
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